SUMMARY
The influence of geometry on the isothermal hydrodynamic film separating two rigid solids was investigated. The investigation was conducted for a conjunction fully immersed in lubricant (i. e., fully flooded). The effect of geometry on the film thickness was determined by varying the radius ratio from 1 (a ball-on-plate configuration) to 36 (a ball in a conforming groove). The dimensionless film thickness was varied from 10 to 10 . Pressure-viscosity effects were not considered. It was found that the minimum film thickness had the same speed, viscosity, and load dependence as Kapitza's classical solution. However, the incorporation of the Reynolds boundary conditions resulted in an additional geometry effect. That is, the film-thickness equations can be compared as follows: where HQ is the dimensionless central (minimum) film thickness, a is the radius ratio Ry/Rx, e is the film -thickness effect on reduced hydrodynamic lift, and U/W is the ratio of dimensionless speed to dimensionless load. With the Reynolds boundary conditions the predicted load capacity is 11 to 20 percent greater than if half-Sommerfeld boundary conditions .are used. The parabolic approximation results in overestimations of the minimum film thickness of 1. 6 and 0. 7 percent for dimensionless INTRODUCTION A considerable amount of work (refs. 1 to 6) has been done to develop a minimumfilm-thickness formula for the classical hydrodynamic point-and line-contact problems. Most of the work to date has concentrated on minimum -film -thickness formulations for either a ball on a plate or line contact. But the full range of geometries between the two extremes has not been adequately studied. Kapitza's film-thickness solution (ref. 1) is not limited to a ball-on-plate configuration. However, applying the half-Somm erf eld boundary conditions used in Kapitza's analysis violates flow continuity at the cavitation boundary. Consequently, a need exists for a film-thickness formula that is determined by more realistic boundary conditions and that applies for a wide range of geometries.
Work (refs. 7 to 10) has been presented in which the minimum film thickness was determined by using an elastohydrodynamic lubrication (EHL) point-contact theory. There the influence of contact geometry -as expressed by the ellipticity parameter and the effects of the dimensionless speed, load, and material parameters on the minimum film thickness -was investigated for both the fully flooded and starved conditions. This paper continues the previous work to form a more complete theory. However, to properly bring out the physics requires a modification to the analytical approach used in the previous work. Here the effect of load capacity has been studied by varying the ratio of the transverse radius to the rolling radius ("radius ratio") for two film thicknesses. The investigation was conducted for a conjunction fully immersed in lubricant (i. e., fully flooded). The radius ratio was varied from 1 (a ball-on-plate configuration) to 36 (a ball in a conforming groove). The dimensionless film thickness was varied from 10 to 10 . Thirteen cases were used in obtaining the film-thickness formula, for which pressure and thermal effects were considered to be negligible. Contour and profile plots of the pressure distribution are also shown. SYMBOLS a«,a 1 
Solution for Central Film Thickness
The thickness of a hydrodynamic film between two rigid bodies in rolling contact can be written as the sum of two terms; that is, A simplifying transformation can be effected by summing the curvatures in the x = 0 and y = 0 planes. In terms of the effective radius of curvature, The resulting equivalent system is shown in figure l(b). The separation in terms of the coordinates and the effective radius of curvature is
Thus equation (1) is completely determined when the hydrodynamic effects on the central film thickness are known. These effects can be determined by applying the conservation equations for an incompressible Newtonian fluid under laminar, isothermal, isoviscous, steady -state conditions. The following Reynolds equation is obtained:
x \ ax/ ay \ ay/ ax (3) where u represents the average surface velocity between the two solids along the rolling direction. It is convenient to nondimensionalize with respect to the effective rolling radius; that is,
also "0" R where a denotes the "radius ratio. " In terms of these dimensionless variables the Reynolds equation becomes ax ax aY 3Y ax (5) The film -thickness equation in dimensionless form is H = E n + 1 -\ 1 -X" + ot 1 -11- This is called the parabolic .approximation. The analysis to follow uses both forms of H, and comparisons are made. The solution of the Reynolds equation (eq. (5)) is known to consist of a homogeneous solution and a particular solution; that is, P = P p + P h (8) for which P h is a solution to the homogeneous equation and satisfies the condition that P h = -P at the boundaries:
For the parabolic approximation, the particular solution for the pressure is simply proportional to X/H 2 ; that is, P , P where In the preceding equation q> is the side-leakage factor established by Archard and Cowking (ref. 11) and can be verified by inserting P back into equation (5) . If we define P,(X,Y) = 4(pQ(X,Y), by using equation (8), we can express the full solution as (10) In general, the homogeneous solution P, is an unknown function of X and Y. Consequently, the pressure distribution must be determined numerically. The pressure distribution as given in equation (10) can be used, however, in relating the hydrodynamic effects (i. e., load, speed, and viscosity) to the central film thickness. First, the load capacity and the pressure distribution are related through the following equation: 
The reduced hydrodynamic lift in Kapitza's analysis was determined to be n/2 by assuming Q = 0 and integrating over the half-space of positive pressures. For Reynolds boundary conditions, the limits depend on the shape of the cavitation boundary and hence the geometry. Consequently, we seek an additional geometry effect in Kapitza's solution. Equation (12) enables us to determine the central (minimum) film thickness as a function of the load, speed, geometry, and fluid viscosity; that is,
The ratio of dimensionless speed to dimensionless load may be defined as W w and equation (14) becomes
For the parabolic approximation, we need to determine L only as a function of the geometry; that is,
This will be determined numerically. If, on the other hand, the film thickness is large enough that these inequalities cannot be satisfied throughout most of the domain, the exact film-thickness equation (eq. (6)) must be used. The integrand of equation (13) thus becomes a function of the central film thickness. Consequently, L = L(a,H n ), resulting in a transcendental equation for HQ.
Boundary Conditions
Earlier theories (ref. 12) assumed the pressure to be ambient or zero at the point of closest approach. This resulted in an antisymmetric solution with respect to X ( fig. 2(a) ). In actuality, the lubricant is unable to sustain the negative pressures predicted by the full solution. A simple approach taken by Kapitza (ref. 1) was to ignore the negative pressures, that is, to employ the half-Somm erf eld boundary conditions. This solution ( fig. 2(b) ) has been used to get a reasonable estimate for the load capacity. However, Kapitza's solution does not satisfy continuity conditions at the exit (cavitation) boundary; that is, the pressure gradient normal to the cavitation boundary must be zero. To insist on P = (3P/3N) =0 at X = 0 would be overspecifying the problem mathematically. However, we can insist on P = (3P/3N) = 0 at the cavitation boundary (i. e., Reynolds boundary conditions). The general solution will then appear as in figure 2(c). For film thicknesses of about 10 to 10 centimeter, Dowson (ref. 13) has shown that other boundary requirements are needed. For that investigation, the cavitation boundary as determined by the Reynolds boundary conditions did not coincide with the cavitation boundary observed experimentally. Taylor (ref. 14) has summarized several of the boundary requirements that have evolved as a result of Dowson's work. Among the boundary requirements discussed, the Reynolds boundary conditions were chosen as the most appropriate for the conditions of load and speed in this investigation.
NUMERICAL ANALYSIS
A pressure distribution satisfying the Reynolds equation (eq. (3)) was determined numerically for a given speed, viscosity, geometry, and film .thickness. The numerical solution was achieved by using the Gauss-Seidel iterative method with overrelaxation. The parameter $ = PH ' (ref. 15 ) was introduced to help the relaxation process. A computer program is given in the appendix.
Nodal Structure
A variable-mesh nodal structure ( fig. 3 ) was used to provide close spacing in and around the pressure peak. This helped to minimize the errors that can occur because of large gradients in the high-pressure region. The grid spacing used in terms of the co-' ordinates X and Y was varied depending on anticipated pressure distribution. That is, for a very highly peaked and localized pressure distribution, the fine mesh spacing was about 0. 002 and the coarse mesh spacing was about 0.1. For a relatively flat pressure distribution, the fine mesh spacing was about 0. 005 and the coarse mesh spacing was about 0.13.
Integration Domain
The size of the conjunction, or the integration domain, is determined so as to make the contact fully flooded or as close to that as practical. From Dalmaz (ref. 3), a fully flooded condition for a ball-on-plate configuration would have an inlet domain defined by X E = -1 and Y E = ±1. By using the pressures from Kapitza's classical theory, the loss of load capacity resulting from using a finite inlet rather than the semi-infinite inlet used by Kapitza can be estimated. For this purpose let m represent the percent loss in load capacity; that is,
Thus as m approaches 100, the inlet becomes severely starved. If m approaches zero, the inlet is considered fully flooded. For the ball-on-plate inlet domain, m is calculated to be 1. 61 percent. Since this represents a negligible loss in load capacity, we chose to retain the concept that a fully flooded condition exists in this case. Henceforth, if m < 1. 61 percent, the inlet is considered as fully flooded. According to this criterion, the inlets for all the geometries considered in this investigation were fully flooded (table I). The exit boundary was determined so as to allow for a fully developed cavitation boundary.
In our effort to achieve a fully flooded condition, we recognize the fact that the Reynolds equation loses some of its validity at large distances from the point of minimum film thickness. Dowson (ref. 16) has pointed out that the errors involved in using this equation to determine the buildup of pressure in such regions are negligible: The predicted pressures are themselves so very much smaller than the effective load-carrying pressures in the region of closest approach of the solids.
Film Thickness (Parabolic Film Approximation)
Once the integration domain has been established, the film-thickness equation can be determined numerically. First, the load capacity w is obtained from the numerically determined pressure distribution. Then inserting the value of w into equation (14) allows us to solve for L for various geometries.
From the data in table II, a curve fit can be effected as a function of geometry. Studying figure 4 and trying several appropriate functional forms to curve-fit the data showed that the following equation represented the data best:
The values of a.-, and a., were determined to be The difference ranged from -2.14 to 1. 35 percent (table n) .
Film Thickness (Exact Equation)
The results of using the exact film-thickness equation (eq. (6)) rather than the parabolic approximation (eq. (7)) can be compared from the values of L given in table n. The values of L determined through the exact film-thickness analysis are always reduced by a constant factor. Thus the dependence on geometry and film thickness for the reduced hydrodynamic lift can be separated as follows:
where L is determined by using the parabolic approximation. The values of C(HQ) are given in table HI. Using the parabolic approximation gives errors of 0.7 and 1. 6 percent for film thicknesses of 10 and 10 , respectively. Although these errors are quite small, they would probably be larger for thicker films: As the film thickness is increased, the pressure distribution spreads out more evenly (e. g., fig. 5 ). Thus the pressures far from the point of contact, where the parabolic assumption is no longer valid, contribute more to the load capacity than if the pressure distribution had been very localized.
The 
DISCUSSION OF RESULTS

Comparison of Theories
The minimum -film -thickness equation derived by Kapitza using half -Somm erf eld boundary conditions and assuming the parabolic approximation is < 24) W 2
By equating equation (16) with this expression for a given speed parameter, the load capacity for the two theories can be compared; that is,
The effect of the geometry on the reduced hydrodynamic lift is shown in figure 4 . The figure shows that L, and hence the load capacity (eq. (25)), is 11 to 20 percent greater than that predicted by Kapitza. The least difference occurs for a ball-on-plate contact. As a is increased, the difference in load capacities approaches a constant 20 percent. The alteration of the pressure distribution due to the Reynolds boundary conditions at the cavitation boundary is responsible for this geometry effect. Figure 6 is a threedimensional representation of a pressure distribution for a of 1. 00 and 36. 54 and illustrates the shape of the cavitation boundary. As a becomes large, the cavitation boundary tends to straighten out, accompanied by decreasing changes in L. The scale along the y-axis in figure 6(a) has been magnified about 3 times to improve the resolution. Consequently the differences in the shapes of the cavitation boundary are actually subdued as they are presented.
The two analyses resulted in the same exponent of 2 for U/W. Dalmaz(ref. 3), using the Reynolds boundary conditions for a ball-on-plate configuration, reported an exponent of 1.77. The lower exponent appears to be due to starvation effects resulting from the inlet condition in both the analytical and experimental results. This is illustrated more clearly by comparing the results of applying the inlet condition of Dalmaz and the inlet condition in this study, using Kapitza's classical theory for both. A fixed oil film thickness at the inlet that is independent of the minimum film thickness is used in Dalmaz's analysis and in this study as well. But the inlet oil film thickness for the analysis of reference 3 and experimental work (given in ref. 18 ) was roughly 5 percent of that used here. The effect that this has on the exponent of U/W can be seen by calculating the load capacity for two different film thicknesses while keeping the other hydrodynamic -4 5 variables constant. Dimensionless minimum-film-thickness values of 10 and 10 result in load capacities of 0. 046 and 0.151 newton, respectively. This would yield an exponent of 1.94. For thicker films (i. e., HQ = 10" ) the starvation effects become even more pronounced and the U/W exponent is driven down in value to 1. 84. For comparison, from the data in table I for fully flooded conditions, we calculate the exponent to be 1. 98. Figure 7 compares experimental data (ref.
3) taken under lightly loaded (rigid contacts), isoviscous conditions for pure sliding of a ball on a plate with the corresponding theoretical results. The parameter grouping in the figure is that used by Dalmaz (ref. 3) and first introduced by Thorp and Gohar (ref. 4) . The theoretical results of this paper are in excellent agreement with the data for the lower half range of HQ/WG. For the reasons previously explained, the agreement of these results with the experimental results of reference 3 begins to diverge for the upper range of HQ/WG. Further, using comparable inlet conditions for both theory and experiment provides better agreement between the two for the upper range of HQ/WG, as the theoretical line of Dalmaz attests in figure 7 . For comparison, the theory by Kapitza has been included.
Contour Plots
! Isobar plots for three radius ratios (i. e., a of 25.29, 8.30, and 1.00) are shown in figure 8 . The contours were generated by means of a contour-plotting subroutine and displayed with a Calcomp plotter. The contours belong to the family of curves defined by equation (10) . The center of contact is represented by the asterisk. The pressure peak builds up in the entrance region, which is located to the left of the center of contact and is indicated by the +. Since the isobars in each case are evenly spaced, the pressure gradients can be easily depicted. Note that, as the radius ratio increases, the steeper pressure gradients are predominantly along the rolling direction. This implies that the amount of side leakage decreases as a increases. A decrease in side leakage is reflected in an increase in the value of cp. For line contact y = 1 and for the largest value of a in this investigation (a = 36. 54) <p = 0. 998.
Pressure Profiles
Pressure profiles across the center of the conjunction and in the direction of rolling are shown in figure 9 for three radius ratios (i. e., a of 36. 54, 2. 84, and 1.00). The pressures were generated for a constant dimensionless film thickness (HQ = 10 ). The locations of the pressure peaks were not altered by the fact that Reynolds boundary conditions were used rather than half-Somm erf eld boundary conditions. The locations of the pressure peaks from reference 1 are determined by setting (3P/3X) = (3P/3Y) = 0 and solving for X and Y as follows:
Equation (26) shows that the geometry does not affect the pressure peak location, as can be verified by the numerically determined curves of figure 9 . However, the magnitude of the pressure peaks will, according to equation (10), be modulated by the Archard-Cowking side -leakage factor q>, which is a function of the geometry. The influence of the side -leakage factor on the pressure distribution for several geometries is shown in figure 9 .
CONCLUDING REMARKS
The influence of geometry on the isothermal hydrodynamic film separating two rigid solids was investigated. The investigation was conducted for a conjunction fully immersed in lubricant (i. e. , fully flooded). The effect of the geometry on the film thickness was determined by varying the radius ratio from 1 (a ball -on -plate configuration) to 36 (a ball in a conforming groove). The dimensionless film thickness was varied from 10" to 10 . Pressure -viscosity effects were not considered. It was found that the mininum film thickness had the same speed, viscosity, and load dependence as Kapitza's classical solution. However, the incorporation of the Reynolds boundary conditions resulted in an additional geometry effect. That is, the film -thickness equations can be compared as follows: where HQ is the dimensionless central (minimum) film thickness; a is the radius ratio R/R • e is the film -thickness effect on reduced hydrodynamic lift; <p is the Archardy * Cowking side-leakage factor; and U/W is the ratio of dimensionless speed to dimensionless load. The Reynolds boundary conditions resulted in the predicted load capacity being 11 to 20 percent greater than if half -Sommerf eld boundary conditions were used.
The parabolic approximation resulted in overestimations of the minimum film thickness of about 1. 6 and 0.7 percent for calculated dimensionless film thicknesses of 10 and 10" , respectively. READS IN FDRIATTED INPUT AND BYPASSES THE  INITIAL CALCULATION OF  C  THE PRESSURE DISTR IBUTION  C  C  «=0: READS IN HEXADECIMAL INPUT AND BYPASSES THE  INITIAL CALCUL&TI3N OF  C  THE PRESSURE 
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